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0. INTRODUCTION 
The process of spreading an acoustical wave with frequency LC) in a 
periodic waveguide is described by the Helmholtz equation 
(0.1) 
Here the solution u(x, , I>, x~) is the potential of velocity (V = grad u). On 
the boundary of the waveguide we have the boundary condition 
&I/&I I r = 0. The electromagnetic field, E, R in a periodic electromagnetic 
waveguide with an ideally conducting boundary is described by the time 
independent Maxwell equations 
-curl 17(x) + ioc(x) E(x) =f,(x) 
curl E(x) + iop(x) I?(X) =f,(x) 
(0.2) 
under the following conditions on the boundary of a waveguide 
ExtiI,.=o, fY.rzl,=O. 
The function C(X, , s2, xX) and permeability a(~,, x2, xj) and ~(x,, x2, x3) 
vary periodically along the x,-axis of a waveguide. 
In the papers [l&3] a certain class of ordinary differential equations in 
the Hilbert space with periodic operator coefficients has been investigated. 
The spectrum of a periodic boundary value problem was studied in [2] 
(solutions of the Floquet type) and the existence of a full set of the 
operator solutions for the equations of this type was proved. The 
Heimholtz (0.1) and Maxwell (0.2) equations with periodic potentials 
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defined in a cylindrical region of the Euclidean space R3 can be reduced to 
the equations from this class [4]. 
However, in the case when a periodic region has an arbitrary shape 
(noncylindrical) one cannot reduce the problems (0.1) and (0.2) to 
ordinary differential equations in Hilbert space. It is necessary to use other 
methods. 
In the present paper we study the Helmholtz equation with a periodic 
potential in a periodic region of an arbitrary shape. The properties of the 
Floquet type solutions of a homogeneous equation are established. The 
fundamental solutions of Eq. (0.1) in a periodic region of an arbitrary 
shape are constructed. They are used to prove the existence of a bounded 
solution of the inhomogeneous equation under natural assumptions. 
The paper concerning the Maxwell equations (0.2) is being prepared for 
publication. The theorems proved in the present article will have an essen- 
tial role in an investigation of the Maxwell equation (0.2). 
1. PRELIMINARY REMARKS 
The Helmholtz equation with a periodic potential defined in a periodic 
region Q c R3 of an arbitrary form is investigated. On the boundary r of 
the region R the Neumann or the Dirichlet conditions are assigned. 
For the sake of definiteness we assume that the region Q is 2rr-periodic 
and we have the Neumann condition on the boundary. Thus, we study the 
problem 
h(x) + p(x) u(x) = 0 in L2 
au 
an. 
= 0. 
(1.1) 
The potential p(x) and the region Q are 2n-periodic in x1: 
p(x,+27T,X)=p(x,,X) 
if (x,, 2) E Q then (x, + 2nk, 2) E 52, where .? = (x,, x3) and k E Z. 
We may make some natural assumptions: 
1. The boundary r is a three times differentiable surface. 
2. There exists a C3-diffeomorphism ( R3, C) + ( R3, ZJ, where 
C={xER3:X;+x~=1}. 
Under these assumptions, it is not difficult to prove the existence of a 
function d(x) E C*(Q) so that 
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(b) @(xi+2rrr,x)=@(x)+2n for any XEQ 
(c) (V&x)l #O for any xEQ. 
The set a,. = {d(x) = } c is a smooth manifold and ~33,. c ZY The surface 
QC divides the pipe Q into two connected unbounded sets. Let us introduce 
the following notations: 
e, is the unit vector along the x,-axis, V is the periodic element for 52, 
V=qK’([O,271]), D=U,f=“p,(V+2nke,) 
So=& ‘(O), S,,=d-~‘(2n), r,=rn V 
B = d + p(x) (d is the Laplace operator). 
2. THE SPECTRUM OF THE PERIODIC BOUNDARY VALUE PROBLEM 
A solution of the problem (1.1) in the form 
u(x) = e -c@(‘)Y(x), (2.1) 
where u(x, + 271, X) = u(x), is named a solution of Floquet type. Obviously, 
u(x, + 271, X) = eC’“‘u(x) and au/an / r = 0 (because &@n I,- = 0, 
&#@n 1,. = 0). Inserting (2.1) into ( 1 .l ) we have the equation for the 
periodic function U(X): 
3 ad au 
Au-25 c ---+((~‘IV~I*-~A~)O+P(X)~=O. 
, = , cyxi ax, (2.2) 
Let us introduce the operator 
A(5)= B-25 ; *.A+r* Iv~l’-~/j~, 
+a+ ax, 
acting in L,(V) and defined on the set 
UE ~(V):UIS,,=UIS~~, 
DEFINITION 1. The point 5~ C belongs to the resolvent set of the 
periodic boundary value problem if and only if the operator A(<) has 
bounded inverse. 
We denote the resolvent set by p and CJ= C\p is the spectrum of the 
periodic boundary value problem. Obviously, the point 5 E 0 if and only if 
there is a nontrivial solution of the problem (2.2). It is important to note 
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that the definition of the spectrum (T does not depend on the function d(x) 
with the properties (a)-(c). If r E od then a nontrivial solution in the form 
ud(x) = Cocr)V(x) exists. If $( ) x IS another function which satisfies (a)-(c) 
then u+(x) = e m56(-‘)V(x) = c -5m(r)e5tb(r)~4(x)‘V(~) and we obtain 4 E a8 
because p(x) = ,t(&i-l -$%y,,V (x IS a nontrivial 2n-periodic function. ) 
Repeating the proofs from [2, 51 in our case, we obtain the following 
important theorem. 
THEOREM 1. 1. The spectrum qf the periodic boundary value problem is 
discrete. 
2. The problem ( 1.1) does not have a nontrivial solution u(x) E L,(Q). 
Let us point out some properties of the operator n (i;)= A(0 ‘(rep). 
From [6] we obtain that n (5) is an integral operator 
(2.3) 
The kernel K(x, ~1, 4) is a smooth periodic function in .Y, .V and satisfies the 
Neumann condition on f k. 
One can get the following assertions without difficulty: 
1. The spectrum is arranged on the complex plane periodically: if 
(~a then (r+ik)Eo, kEZ. 
2. If c’ E p then 
(2.4) 
Using (2.3) and (2.4) we obtain immediately 
K(x, y, 5 + ik) = e”‘d’r’ ++ ))K(x, y, 4) kE L. (2.5) 
3. THE FUNDAMENTAL SOLUTIONS OF THE PROBLEM (1.1) 
Let us introduce the function 
G(x, Y, 5) = e -:($%yl -iI “))K(x, y, 0, 
The following statements are valid for the function G(x, y, 5): 
(a) G(x, I’, 5 + ik) = G(x, y, 4), k s Z 
(b) G(x+2zne,, y, ~)=emm2”“cG(x, J, t), nEZ, and 
G(x, y + 2wze,, 5) = eZn’li;G(x, y, <), n E Z. 
(3.1) 
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We are ready now for the construction of fundamental solutions. Let y 
be a smooth curve in the complex plane, homeomorphic to a straight line 
and satisfying the stipulation: 
if 5EY then (4;+ik)~y for any k E Z. (3.2) 
We assume that y does not intersect the spectrum (y cp). The function 
K(x, y, 5) as the kernel of the operator n (<)=A(()-’ satisfies the 
equation 
da-% Y, r)+P(-x)K(x, .!J, i”)+t” IW’W, Y,O-25 : *%, y, 5) 
,=I dxiaxj 
- 5 wm, Y> 5) = 6,(x - Y) (3.3) 
where 6,(x - Y) = X:2 ,= 6(x - JJ + %nke,). Hence, for the function 
ct.6 y, 5) = e ‘f(d(y)--“‘.~t’~(x, y, () we have 
~G(x, JJ, () + p(x) G(x, y, iJ) = e.- ec~cy)-~(“))dp(x - y). (3.4) 
We denote by y,, the periodic element of the curve y: 
Let us consider the function 
G,.(x, Y) = 1 G(x, Y, 5) &. 
)‘” 
In connection with (3.4), c,(x, y) is a solution of the equation 
dG;,(x, y) + p(x) G,(x, y) = i emmt(b(-r)pC(y)) d{ .6,(x- yj. 
YO 
We may transform the expression 
= r 6(x-y+?nke,)-J‘,“e~“““‘~“-‘“d5 
k = --,x, 
(3.5) 
(3.6) 
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Using the property of the curve yO we obtain 
if k=O 
k= fl +2 . . . . - >- 9 
(3.7) 
Substituting (3.7) into (3.6) we have jr,, e Pi’(m(r) CC)) d< .6,(x - y) = 
i6(x - y). Thus, the function c&x, y) satisfies the equation 
d&(x, y) + p(x) qx, y) = i6(x - y). 
We have shown that the function 
R,,(x, y) = f G,.(x, y) (3.8) 
is the fundamental solution of problem ( I .l ). Thus, we have proved 
THEOREM 2. Any curue 3 c p satisfJCng the condition (3.2), dejines a 
,fundamental solution R&x, y) qf the problem ( 1.1) 
dR;,(x, y) + p(x) R;(x, y) = 6(x - y) in Q 
LR.(.w, y) 
an,. I’ 
= 0. 
r 
We want to point out now the connection between the arrangement of 
the spectrum of the periodic boundary value problem and the behavior of 
fundamental solutions under the condition dist(x, y) --f +cxj. 
THEOREM 3. An exponentially decreasing fundamental solution qf the 
problem (1.1) exists ifund only ifon(-ia, +ico)=@. 
Proof: Let us suppose that r~ n ( -icc, + ice) = 0. Thus, the curve yI = 
(--im, +ia) satisfies the conditions of Theorem 2 and the fundamental 
solution RJx, y) corresponding to (-[co, +ico) exists. Using (3.5) and 
(3.8), we have the representation 
R,,(x, Y I= ( G(x, Y, 2) 4. 
The arbitrary points x, y E Sz we can write in the form x = x0 + 2nne,, y = 
y. + Znme, , where x0, y, E V; m, n E Z. Using the properties of the function 
G(x, y, ii;) we obtain 
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R,,(x, Y) = j' W, Y, it) 4 = j' G(x, + 2me,, y, + 2me,, it) d[ 
0 0 
s 
1 
= e p2ni5(n- *)G(xo, y,, it) dlj 
0 
(3.9) 
Because G(x,, y,, it) is an analytic function in some neighborhood of the 
straight line (w with period 1 and x0, you V (V is a compact set) we get 
from (3.9) 
IR,,(x, y)l d Ce-“‘-‘-“(lx- yl >A >O). (3.10) 
The positive constants 6 and C do not depend on x and y. Thus, we have 
proved the first part of Theorem 3. 
Let us assume the existence of a fundamental solution R(x, y) of the 
problem (1.1) so that IR(x, y)l<Ce-““P-” (Ix-yI >A>O). We can 
define the function 
G(x, y, 5) = y R(x, y + 27&e,) e2nkS (3.11) 
k= -z 
in some neighborhood A of (-ico, + ice). Thus, in the same strip A the 
function K(x, y, 5) = e5’m’-X)P@(Y)‘G( x, y, 0 exists. It is not difficult to check 
that the function K(x, y, 5) (5 E A) is the fundamental solution of the 
periodic boundary value problem (K(x, y, [) satisfies (3.3)) and, thus, we 
get A n cr = @. Theorem 3 is proved. 
And, finally, we consider the nonhomogeneous equation 
Au(x) + P(X) 0) =f(x) in Q 
au 
an. = 0, 
(3.12) 
where the function f(x) E L,(Q). 
From Theorem 3 follows the statement 
THEOREM 4. If CT n (-ice, + ioo) = Iz, and f(x) E L,(Q) then the non- 
homogeneous problem (3.12) has a unique solution u(x) E L,(Q) which can be 
represented in the form 
u(x) = j R(x, Y)f(y) dy. 
R 
Here R(x, y) is an exponentially decreasing fundamental solution of the 
problem (1.1). The uniqueness takes place because the homogeneous 
problem (1.1) does not have nontrivial solutions U(X) E L2(Q) (Theorem 1). 
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